On invariant fields of vectors and covectors by Chen, Yin & Wehlau, David L.
ar
X
iv
:1
70
8.
01
59
3v
2 
 [m
ath
.A
C]
  7
 Se
p 2
01
7
ON INVARIANT FIELDS OF VECTORS AND COVECTORS
YIN CHEN AND DAVID L. WEHLAU
ABSTRACT. Let Fq be the finite field of order q. Let G be one of the three groups GL(n,Fq),
SL(n,Fq) or U(n,Fq) and let W be the standard n-dimensional representation of G. For non-
negative integers m and d we let mW ⊕ dW ∗ denote the representation of G given by the direct
sum ofm vectors and d covectors. We exhibit a minimal set of homogenous invariant polynomials
{ℓ1, ℓ2, . . . , ℓ(m+d)n}⊆ Fq[mW⊕dW
∗]G such that Fq(mW⊕dW∗)G = Fq(ℓ1, ℓ2, . . . , ℓ(m+d)n) for all
cases except when md = 0 and G= GL(n,Fq) or SL(n,Fq).
1. INTRODUCTION
Let Fq be the finite field with q elements and GL(n,Fq) be the general linear group of degree
n > 1. Suppose W is the standard representation of GL(n,Fq) and W ∗ is the dual space of W .
We denote by SL(n,Fq) the special linear group, and by U(n,Fq) the unipotent group of upper
triangular matrices with 1’s on the diagonal. Write mW ⊕dW ∗ to denote the direct sum of m
copies ofW and d copies ofW ∗ for m,d ∈N and let G be one of the groups GL(n,Fq), SL(n,Fq)
or U(n,Fq).
We are concerned with the invariant rings F[mW ⊕dW ∗]G = { f ∈ F[mW ⊕dW ∗] | σ( f ) =
f ,∀σ ∈ G} and the invariant fields F(mW ⊕dW ∗)G = { f ∈ F(mW ⊕dW ∗) | σ( f ) = f ,∀σ ∈ G}.
In particular, the purpose of this paper is to study the following question:
Does there exist ℓ1, ℓ2, . . . , ℓ(m+d)n ∈ Fq[mW ⊕dW
∗]G such that
Fq(mW ⊕dW
∗)G = Fq(ℓ1, ℓ2, . . . , ℓ(m+d)n) ?
(∗)
Here we will show that the answer to Question (∗) is positive for Fq[mW ⊕dW ∗]G and G ∈
{GL(n,Fq),SL(n,Fq),U(n,Fq)} in all cases except possibly for the cases where G = GL(n,Fq)
or SL(n,Fq) and either m or d is 0.
An affirmative answer to Question (∗) for Fq(W )GL(n,Fq) and Fq(W )SL(n,Fq) dates back to Dick-
son [7] who proved that both rings of invariants Fq[W ]GL(n,Fq) and Fq[W ]SL(n,Fq) are polynomial
algebras. In 1975, Mui [12] proved that the invariant ring Fq[W ]U(n,Fq) is also a polynomial
algebra, thus showing that Question (∗) has a positive answer for Fq(W )U(n,Fq).
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These results are especially significant in light of the so called "No-name Lemma" which we
now state, see for example Jensen-Ledet-Yui [8, Section 1.1, page 22].
LEMMA 1.1 (No-Name Lemma). Let G be a finite group acting faithfully on a finite dimensional
vector space V over a field F, and let U be a faithful F(G)-submodule of V . Then the extension
of invariant fields F(V )G/F(U)G is purely transcendental.
Thus the results of Dickson and Mui imply that each of the fields Fq(mW ⊕dW ∗)G is purely
transcendental over the base field Fq for each of the groupsG=GL(n,Fq), SL(n,Fq) or U(n,Fq).
It is well-known that for any finite p-group P and any modular representation V , the invariant
field is always purely transcendental, see Miyata [11, Theorem 1] or Kang [9, Theorem]. In 2007,
Campbell-Chuai [2, Theorem 2.4] gave an inductive method to find a polynomial generating set
for the invariant field of P. In particular this showed that Fq(mW ⊕dW ∗)U(n,Fq) can be generated
by (m+ d)n homogeneous invariant polynomials. However, Campbell-Chuai [2] did not give
any explicit polynomial generating sets for Fq(mW ⊕dW ∗)U(n,Fq) and for all m,d,n.
For a special case where n = 2 and q = p is prime, Richman [13, Corollary, page 38] exhib-
ited a polynomial generating set for Fp(mW )U(2,Fp), which is used to study the invariant ring
Fp[mW ]
U(2,Fp), a classical object of study in modular invariant theory.
The structure of Fp[mW ]U(2,Fp) is more complicated than that of Fp(mW)U(2,Fp), see for ex-
ample, Campbell-Hughes [3], Campbell-Shank-Wehlau [4], Wehlau [14], and Campbell-Wehlau
[5].
In 2011, Bonnafé-Kemper [1] initiated a study of the modular invariant ring of a vector and
a covector, showing that the invariant ring Fq[W ⊕W ∗]U(n,Fq) is a complete intersection algebra
as well as raising a conjecture on generating sets for of Fq[W ⊕W ∗]GL(n,Fq). Recently, Chen-
Wehlau [6] confirmed this conjecture of Bonnafé-Kemper’s. As the first step of the proof of this
conjecture, we proved that Fq(W ⊕W ∗)GL(n,Fq) can be generated by 2n homogeneous invariant
polynomials from Fq[W ⊕W ∗]GL(n,Fq), answering the Question (∗) affirmatively in this special
case.
The purpose of this paper is to generalize the above results to the invariant fields of any number
of vectors and covectors. Our main result is the following Theorem 1.2 whose proof will be
separated into three parts below: Theorems 3.3, 3.4, and 3.5.
THEOREM 1.2. For all m,d ∈ N+ and G ∈ {GL(n,Fq),SL(n,Fq),U(n,Fq)} with standard rep-
resentation W, there exist (m+d)n invariant polynomials ℓ1, ℓ2, . . . , ℓ(m+d)n ∈ Fq[mW ⊕dW
∗]G
such that Fq(mW ⊕dW
∗)G = Fq(ℓ1, ℓ2, . . . , ℓ(m+d)n).
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Furthermore, we will explicitly exhibit such invariant polynomials ℓ1, ℓ2, . . . , ℓ(m+d)n generat-
ing the field of invariants in each case.
REMARK 1.3. By Campbell-Chuai [2, Theorem 2.4], we see that Question (∗) for Fq(mW )U(n,Fq)
has an affirmative answer.
2. SPECIAL EXAMPLE: m= d = 1
In this section we prove Theorem 1.2 in the particular case m= d = 1. In the next section we
will give proofs for the general cases using the result for this special case.
2.1. Generators of the invariant fields Fq(W ⊕W ∗)GL(n,Fq) and Fq(W ⊕W ∗)SL(n,Fq). We choose
{x1,x2, . . . ,xn} as a basis ofW and {y1,y2, . . . ,yn} as the dual basis inW ∗. Then
Fq[W ⊕W
∗] = Fq[x1,x2, . . . ,xn,y1,y2, . . . ,yn]
is a polynomial algebra of Krull dimension 2n, which can be endowed with an involution which
is an algebra endomorphism
∗ : Fq[W ⊕W
∗]−→ Fq[W ⊕W
∗], f 7→ f ∗
determined by x1 7→ yn,x2 7→ yn−1, . . . ,xn−1 7→ y2,xn 7→ y1. There are also two Fq-algebra homo-
morphisms:
F : Fq[W ⊕W
∗]−→ Fq[W ⊕W
∗] by xi 7→ x
q
i ,yi 7→ yi
F∗ : Fq[W ⊕W
∗]−→ Fq[W ⊕W
∗] by xi 7→ xi,yi 7→ y
q
i .
We have a natural invariant u0 in Fq[W ⊕W ∗]GL(n,Fq) corresponding to the natural pairing be-
tweenW andW ∗:
u0 := x1y1+ x2y2+ · · ·+ xnyn.
For i ∈ N+, we define
ui := F
i(u0) = x
qi
1 y1+ x
qi
2 y2+ · · ·+ x
qi
n yn
u−i := (F
∗)i(u0) = x1y
qi
1 + x2y
qi
2 + · · ·+ xny
qi
n
which are also GL(n,Fq)-invariants, since F and F∗ commute with the action of GL(n,Fq). We
observe that u∗−i = ui for all i ∈ N.
Suppose Fq[W ]GL(n,Fq)=Fq[c0,c1, . . . ,cn−1] and Fq[W ]SL(n,Fq)=Fq[dn,c1, . . . ,cn−1] denote the
Dickson invariants. Note that c0 = d
q−1
n . We write Fq[W ]U(n,Fq) = Fq[ f1, f2, . . . , fn] for the Mui
invariants. See Bonnafé-Kemper [1] or Chen-Wehlau [6] for details.
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PROPOSITION 2.1 (Chen-Wehlau [6] (Proposition 5)).
Fq(W ⊕W
∗)GL(n,Fq) = Fq(c0,u1−n,u2−n, . . . ,u0,u1, . . . ,un−1)
= Fq(c
∗
0,u1−n,u2−n, . . . ,u0,u1, . . . ,un−1)
= Fq(c0,c1,c2, . . . ,cn−1,u0,u1, . . . ,un−1) .
We can use the above result to compute the corresponding field for the action SL(n,Fq) on
W ⊕W ∗.
PROPOSITION 2.2.
Fq(W ⊕W
∗)SL(n,Fq) = Fq(dn,u1−n,u2−n, . . . ,u0,u1, . . . ,un−1)
= Fq(d
∗
n ,u1−n,u2−n, . . . ,u0,u1, . . . ,un−1)
= Fq(dn,c1, . . . ,cn−1,u0,u1, . . . ,un−1) .
Proof. Put K := Fq(c0,u1−n,u2−n, . . . ,u0,u1, . . . ,un−1) = Fq(W ⊕W ∗)GL(n,Fq) and L := K(dn).
Since dn is SL(n,Fq)-invariant we have K(dn)⊆M := Fq(W ⊕W ∗)SL(n,Fq). Thus
K = Fq(W ⊕W
∗)GL(n,Fq) ⊆ L= K(dn)⊆M.
Since c0 = d
q−1
n we have L= K(dn) = Fq(dn,u1−n,u2−n, . . . ,u0,u1, . . . ,un−1). Furthermore, it
is clear that the minimal polynomial of dn over Fq[W ⊕W ∗]GL(n,Fq) is Xq−1− c0. Thus [L : K] =
q−1= [GL(n,Fq) : SL(n,Fq)] = [M : K]. Therefore L=M proving the first equality.
The other two equalities follow similarly. 
REMARK 2.3. In the proof of Theorem 3.3 below Equation (3.10) explicitly shows that dnd∗n ∈
Fq[u1−n,u2−n, . . . ,u0,u1, . . . ,un−1].
REMARK 2.4. It is also possible to prove Proposition 2.2 using the proof of Proposition 2.1 from
[6] but replacing c0 by dn and c∗0 by d
∗
n throughout.
2.2. Fq(W ⊕W ∗)U(n,Fq). The rest of this section is devoted to finding a minimal generating set
for Fq(W ⊕W ∗)U(n,Fq).
PROPOSITION 2.5.
(1) For n= 1, Fq(W ⊕W ∗)U(n,Fq) = Fq(W ⊕W ∗).
(2) For n= 2, Fq(W ⊕W ∗)U(n,Fq) = Fq( f1, f ∗1 , f
∗
2 ,u0) = Fq( f1, f
∗
1 , f2,u0).
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(3) For any n > 3, the invariant field is given by
Fq(W ⊕W
∗)U(n,Fq) = Fq( f1, f2, f
∗
1 , f
∗
2 , . . . , f
∗
n−2,u1,u0,u−1, . . . ,u2−n)
= Fq( f
∗
1 , f
∗
2 , f1, f2, . . . , fn−2,u−1,u0,u1, . . . ,un−2) .
Proof. (1) Since U(1,Fq) = {1} is the trivial group, Fq(W ⊕W ∗)U(1,Fq) = Fq(x1,y1)U(1,Fq) =
Fq(x1,y1) = Fq( f1, f
∗
1 ).
(2) By Bonnafé-Kemper [1, Equation (2.11), page 106], the invariant ring Fq[W ⊕W ∗]U(2,Fq)=
Fq[u0, f1, f2, f
∗
1 , f
∗
2 ], is a hypersurface ring with the only relation
u
q
0− ( f1 f
∗
1 )
q−1u0− f
q
1 f
∗
2 − f
∗q
1 f2 = 0.
Thus Fq(W ⊕W ∗)U(2,Fq) = Fq( f1, f ∗1 , f
∗
2 ,u0) = Fq( f1, f
∗
1 , f2,u0).
(3) First of all, we rewrite the relations (R+1 ), (R2), (R
−
3 ), (R3), (R
−
4 ), (R4), . . . , (R
−
n−1), (Rn−1)
and (R−n ), in Bonnafé-Kemper [1, page 105] as follows:
f
q
1 · f
∗
n = u
q
2−n+α3−n ·u
q
3−n+ · · ·+α0 ·u
q
0+α1 ·u1,(R
+
1 )
where all αk ∈ Fq[ f
∗
1 , . . . , f
∗
n−1] are non-zero.
f2 · f
∗
n−1 = u2−n+α3−n ·u3−n+ · · ·+α0 ·u0(R2)
+u
q
3−n+β4−n ·u
q
4−n+ · · ·+β0 ·u
q
0+β1 ·u1,
where all αk,βk ∈ Fq[ f1, f
∗
1 , . . . , f
∗
n−2] are non-zero.
f3 · f
∗q
n−2 = u2−n+α3−n ·u3−n+ · · ·+α−1 ·u−1(R
−
3 )
+u
q
3−n+β4−n ·u
q
4−n+ · · ·+β0 ·u
q
0
+u
q2
4−n+γ5−n ·u
q2
4−n+ · · ·+γ0 ·u
q2
0 +γ1 ·u
q
1,
where all αk,βk,γk ∈ Fq[ f1, f2, f
∗
1 , . . . , f
∗
n−3] are non-zero.
f3 · f
∗
n−2 = u3−n+α4−n ·u4−n+ · · ·+α0 ·u0(R3)
+u
q
4−n+β5−n ·u
q
5−n+ · · ·+β0 ·u
q
0+β1 ·u1
+u
q2
5−n+γ6−n ·u
q2
6−n+ · · ·+γ0 ·u
q2
0 +γ1 ·u
q
1+γ2 ·u2,
where all αk,βk,γk ∈ Fq[ f1, f2, f
∗
1 , . . . , f
∗
n−3] are non-zero.
...
...
...
...
...
...
f
∗q
1 · fn = u
q
n−2+αn−3 ·u
q
n−3+ · · ·+α0 ·u
q
0+α−1 ·u−1,(R
−
n )
where all αk ∈ Fq[ f1, . . . , fn−1] are non-zero.
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Define L := Fq( f1, f2, f ∗1 , f
∗
2 , . . . , f
∗
n−2,u1,u0,u−1, . . . ,u2−n). Clearly, L ⊆ Fq(W ⊕W
∗)U(n,Fq)
and L is generated by 2n polynomials. The transcendence degree of Fq(W ⊕W ∗)U(n,Fq) is equal
to 2n. Thus it suffices to show that Fq(W ⊕W ∗)U(n,Fq) ⊆ L. By Bonnafé-Kemper [1, Proposition
1.1]) we have Fq(W ⊕W ∗)U(n,Fq) = Fq( f1, . . . , fn, f ∗1 , . . . , f
∗
n ,u0). Hence, it suffices to show
(2.1) f ∗n−1, f
∗
n , f3, . . . , fn ∈ L
which we will show using the above relations. Indeed, it follows from the relation (R2) that
(2.2) f ∗n−1 ∈ L .
Thus (R+1 ) implies that
(2.3) f ∗n ∈ L.
The relation (R−3 ) yields
(2.4) f3 ∈ L
which combining with (R3) gives
(2.5) u2 ∈ L.
The fact that u2 ∈ L together with (R
−
4 ) shows that f4 ∈ L, and f4 ∈ L, together with (R4), implies
that u3 ∈ L. Proceeding in this way and in this order, we deduce fk ∈ L from (R
−
k ) and then using
(Rk) we conclude
(2.6) uk−1 ∈ L
which in turn serves to show that
(2.7) fk+1 ∈ L.
Continuing we finally have f3, . . . , fn,u2, . . . ,un−2 ∈ L. This finishes the proof of the first equation
of Proposition 2.5 (3).
By Bonnafé-Kemper [1, Example 2.1], U(n,Fq) is a ∗-stable subgroup of GL(n,Fq). We apply
the involution ∗ to Fq(W ⊕W ∗)U(n,Fq) to demonstrate the second equation. 
3. GENERAL CASES
3.1. Basic constructions. Let m,d > 1 be two positive integers. SupposeW1 W2  · · · Wm 
W andW ∗1 W
∗
2  · · · W
∗
d W
∗ are n-dimensional vector spaces over Fq.
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For any 1 6 j 6 m and any 1 6 k 6 d, we choose a basis X j := {x j1,x j2, . . . ,x jn} for Wj and
choose a basis Yk := {yk1,yk2, . . . ,ykn} for W ∗k such that any X j and Yk are dual bases to one
another. Then we have
Fq[mW ⊕dW
∗] = Fq[W1⊕·· ·⊕Wm⊕W
∗
1 ⊕·· ·⊕W
∗
d ]
 Fq[x j1,x j2, . . . ,x jn,yk1,yk2, . . . ,ykn : 1 6 j 6 m,1 6 k 6 d]
which is a polynomial algebra of Krull dimension (m+d)n.
For each pair ( j,k) with 1≤ j ≤m and 1≤ k≤ d there is an invariant
∑n
i=1 x jiyki correspond-
ing to u0 ∈ Fq[W ⊕W ∗]GL(n,Fq). Similarly for each ( j,k) there are invariants corresponding to
ui for all i. However, in the proof for the general cases we will work exclusively with those
invariants associated to a pair ( j,1) or (1,k). We introduce notation for the invariants associated
to these pairs as follows.
For 1 6 j 6 m and i ∈ N, we define
u ji := x
qi
j1 · y11+ x
qi
j2 · y12+ · · ·+ x
qi
jn · y1n.(3.1)
u j,−i := x j1 · y
qi
11+ x j2 · y
qi
12+ · · ·+ x jn · y
qi
1n.(3.2)
For 1 6 k 6 d and i ∈ N, we define
vki := y
qi
k1 · x11+ y
qi
k2 · x12+ · · ·+ y
qi
kn · x1n.(3.3)
vk,−i := yk1 · x
qi
11+ yk2 · x
qi
12+ · · ·+ ykn · x
qi
1n.(3.4)
Note that u10 = v10.
For any 1 6 j 6 m and any 1 6 k 6 d, Dickson’s Theorem [7] yields
(3.5) Fq[Wj]
GL(n,Fq) = Fq[x j1,x j2, . . . ,x jn]
GL(n,Fq) = Fq[c j0,c j1, . . . ,c j,n−1] .
The polynomial ring Fq[Wj⊕W ∗k ] can be endowed with an involutive algebra endomorphism
∗ jk : Fq[Wj⊕W
∗
k ]−→ Fq[Wj⊕W
∗
k ], f 7→ f
∗
determined by x j1 7→ ykn,x j2 7→ yk,n−1, . . . ,x j,n−1 7→ yk2,x jn 7→ yk1.As in the previous section, we
have Fq[W ∗k ]
GL(n,Fq) = Fq[yk1,yk2, . . . ,ykn]
GL(n,Fq) = Fq[c
∗
k0,c
∗
k1, . . . ,c
∗
k,n−1] where c
∗
ki = ∗ jk(c ji)
for 0 6 i 6 n−1. Moreover, Mui’s Theorem [12] yields
(3.6) Fq[Wj]
U(n,Fq) = Fq[x j1,x j2, . . . ,x jn]
U(n,Fq) = Fq[ f j1, f j2, . . . , f jn]
where
(3.7) f ji =
∏
v∈W ∗
j,i−1
(x ji+ v)
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andW ∗j,i−1 denotes the subspace ofW
∗
j with the basis {x j1,x j2, . . . ,x j,i−1}. Similarly, we have
Fq[W
∗
k ]
U(n,Fq) = Fq[yk1,yk2, . . . ,ykn]
U(n,Fq) = Fq[ f
∗
k1, f
∗
k2, . . . , f
∗
kn]
such that f ∗ki = ∗ jk( f ji) for 1 6 i 6 n.
3.2. An application of Galois theory. The following result directly generalizes Bonnafé-Kemper
[1, Proposition 1.1].
PROPOSITION 3.1. Let G 6 GL(n,Fq) be any subgroup. Write Fq[Wj]G = Fq[g j1, . . . ,g js] and
Fq[W
∗
k ]
G = Fq[hk1, . . . ,hkt ] for 1 6 j 6 m and 1 6 k 6 d. Then Fq(mW ⊕dW ∗)G is generated by
{g j1, . . . ,g js,u j0 : 1 6 j 6 m}∪{hk1, . . . ,hkt : 1 6 k 6 d}∪{vk0 : 2 6 k 6 d}.
Proof. The group G := G×G×·· ·×G︸                ︷︷                ︸
m+d
acts on mW ⊕dW ∗ in the obvious way. Furthermore
Fq[mW ⊕dW
∗]G= Fq[g j1, . . . ,g js,hk1, . . . ,hkt : 1 6 j 6m,1 6 k 6 d]. For σ ∈G we write diag(σ)
to denote the element diag(σ) := (σ ,σ , . . . ,σ) ∈ G⊂ G.
Let L be the subfield of Fq(mW ⊕dW ∗) generated by
{g j1, . . . ,g js,u j0 : 1 6 j 6 m}∪{hk1, . . . ,hkt : 1 6 k 6 d}∪{vk0 : 2 6 k 6 d}
over Fq.
Let L0 denote the field
L0 := Fq(mW ⊕dW
∗)G = Fq(g j1, . . . ,g js,hk1, . . . ,hkt : 1 6 j 6 m,1 6 k 6 d).
By Artin’s theorem [10, page 264, Theorem 1.8], Fq(mW ⊕dW ∗) is Galois over L0 with group
G. Thus Fq(mW ⊕dW ∗) is also Galois over L with the Galois group GL, say. Now we have the
following situation:
L0
✤
✤
✤
 
// L
✤
✤
✤
 
// Fq(mW ⊕dW
∗)G
✤
✤
✤
 
// Fq(mW ⊕dW
∗)
✤
✤
✤
G GL?
_
oo G?
_
oo 1? _oo
By Galois theory, to show Fq(mW ⊕dW ∗)G = L, it suffices to show that GL = G. By definition
G⊆ GL.
Conversely, let α = (σ1, · · · ,σm,τ1, · · · ,τd) be an arbitrary element of GL ⊆ G. Fix j with
1≤ j ≤ m. Since u j0 ∈ L and diag(σ
−1
j ) ∈ G⊂ GL and α ∈ GL, both α and diag(σ
−1
j ) fix u j0.
Thus we have
u j0 = α · (diag(σ
−1
j ) ·u j0) = (α diag(σ
−1
j )) ·u j0
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= (σ1σ
−1
j , . . . , id, . . . ,σmσ
−1
j ,τ1σ
−1
j , . . . ,τdσ
−1
j ) ·u j0 .
Since {x j1,x j2, . . . ,x jn} is an algebraically independent set, this forces (τ1σ
−1
j ) · y1i = y1i for all
i= 1,2, . . . ,n. Therefore τ1 = σ j and this holds for all j = 1,2, . . . ,m.
Similarly since α and diag(τ−1k ) both fix vk0 we have σ1 = τk for all k= 1,2, . . . ,d. Therefore,
α = diag(σ1) ∈ G as required. 
Proposition 3.1 immediately yields some large generating sets for Fq(mW ⊕dW ∗)G for G =
GL(n,Fq), SL(n,Fq) or U(n,Fq):
COROLLARY 3.2. (1) The invariant field Fq(mW ⊕dW ∗)GL(n,Fq) is generated by
{c j0,c j1, . . . ,c j,n−1,u j0 : 1 6 j 6 m}∪{c
∗
k0,c
∗
k1, . . . ,c
∗
k,n−1 : 1 6 k 6 d}∪{vk0 : 2 6 k 6 d}.
(2) The invariant field Fq(mW ⊕dW ∗)SL(n,Fq) is generated by
{d jn,c j1, . . . ,c j,n−1,u j0 : 1 6 j 6 m}∪{d
∗
kn,c
∗
k1, . . . ,c
∗
k,n−1 : 1 6 k 6 d}∪{vk0 : 2 6 k 6 d}
where d jn and d
∗
kn are defined by c j0 = d
q−1
jn and c
∗
k0 = (d
∗
kn)
q−1 respectively.
(3) The invariant field Fq(mW ⊕dW ∗)U(n,Fq) is generated by
{ f j1, . . . , f jn,u j0 : 1 6 j 6 m}∪{ f
∗
k1, . . . , f
∗
kn : 1 6 k 6 d}∪{vk0 : 2 6 k 6 d}.
3.3. Generators for Fq(mW ⊕dW ∗)GL(n,Fq) and Fq(mW ⊕dW ∗)SL(n,Fq). We define
A := {c10,u1i : 1−n 6 i 6 n−1}
B := {u ji : 2 6 j 6 m,1−n 6 i 6 0}
C := {vki : 2 6 k 6 d,0 6 i 6 n−1}.
Note that |A|+ |B|+ |C| = 2n+(m−1)n+(d−1)n = (m+d)n. The following theorem is the
first main result.
THEOREM 3.3. The invariant field Fq(mW ⊕dW ∗)GL(n,Fq) is generated by A∪B∪C.
Proof. Let L := Fq(A∪B∪C) denote the subfield generated by A∪B∪C over Fq. Since A∪
B∪C ⊂ Fq[mW ⊕dW
∗]GL(n,Fq), it suffices to prove that that Fq(mW ⊕dW ∗)GL(n,Fq) ⊆ L. By
Corollary 3.2 (1), it is sufficient to show the following three statements:
c11, . . . ,c1,n−1,c
∗
10,c
∗
11, . . . ,c
∗
1,n−1 ∈ L(†1)
c j0,c j1, . . . ,c j,n−1 ∈ L for 2 6 j 6 m(†2)
c∗k0,c
∗
k1, . . . ,c
∗
k,n−1 ∈ L for 2 6 k 6 d.(†3)
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Firstly, consider the invariant field Fq(W1⊕W ∗1 )
GL(n,Fq) = Fq(x11, . . . ,x1n,y11, . . . ,y1n)
GL(n,Fq).
By Proposition 2.1, Fq(W1 ⊕W ∗1 )
GL(n,Fq) = Fq(c10,u1,1−n, . . . ,u1,−1,u1,0,u11, . . . ,u1,n−1) ⊂ L.
Thus, c11, . . . ,c1,n−1,c∗10,c
∗
11, . . . ,c
∗
1,n−1 ∈ L. This proves (†1).
Secondly, for 26 j6m, we consider Fq(Wj⊕W ∗1 )
GL(n,Fq)=Fq(x j1, . . . ,x jn,y11, . . . ,y1n)
GL(n,Fq).
It follows from Proposition 2.1 that
c j0,c j1, . . . ,c j,n−1 ∈ Fq(c j0,u j,1−n, . . . ,u j,−1,u j0,u j1, . . . ,u j,n−1)⊂ L(c j0,u j1, . . . ,u j,n−1).
Thus to show (†2) it suffices to show that
(3.8) c j0,u j1, . . . ,u j,n−1 ∈ L for 2≤ j ≤ m.
Recall the relations (T ∗1 ), (T
∗
2 ), and (T
∗
n−1) in the invariant ring Fq[Wj⊕W
∗
1 ]
GL(n,Fq) (see Chen-
Wehlau [6]):
c∗10u j1− c
∗
11u
q
j0+ c
∗
12u
q
j,−1+ · · ·+(−1)
nc∗1,n−1u
q
j,2−n+(−1)
nu
q
j,1−n = 0(T
∗
1 )
c∗10u j2− c
∗
11u
q
j1+ c
∗
12u
q2
j0+ · · ·+(−1)
nc∗1,n−1u
q2
j,3−n+(−1)
nu
q2
j,2−n = 0(T
∗
2 )
...
...
...
...
...
c∗10u j,n−1− c
∗
11u
q
j,n−2+ c
∗
12u
q2
j,n−3−·· ·+(−1)
n−1c∗1,n−1u
qn−1
j0 +(−1)
nu
qn−1
j,−1 = 0.(T
∗
n−1)
Since c∗10,c
∗
11, . . . ,c
∗
1,n−1 ∈ L by (†1), the relation (T
∗
1 ) implies that
u j1 ∈ L
which, together with the relation (T ∗2 ), implies that
u j2 ∈ L.
Proceeding in this way and using the relations (T ∗1 ), (T
∗
2 ), and (T
∗
n−1) (in this order), we eventually
obtain
(3.9) u j1,u j2, . . . ,u j,n−1 ∈ L.
To show c j0 ∈ L, we recall that c j0 = d
q−1
jn and c
∗
10 = (d
∗
1n)
q−1. Furthermore
d jn ·d
∗
1n = det


x j1 x j2 · · · x jn
x
q
j1 x
q
j2 · · · x
q
jn
...
...
...
...
x
qn−1
j1 x
qn−1
j2 · · · x
qn−1
jn

 ·det


y11 y
q
11 · · · y
qn−1
11
y12 y
q
12 · · · y
qn−1
12
...
...
...
...
y1n y
q
1n · · · y
qn−1
1n


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= det


u j0 u j,−1 u j,−2 · · · u j,1−n
u j1 u
q
j0 u
q
j,−1 · · · u
q
j,2−n
u j2 u
q
j1
. . .
. . .
...
...
. . .
. . .
. . . u
qn−2
j,−1
u j,n−1 u
q
j,n−2 · · · u
qn−2
j1 u
qn−1
j0


∈ L ,(3.10)
see Chen-Wehlau [6]. Hence c j0 = (c∗10)
−1 · (c j0 · c
∗
10) = (c
∗
10)
−1 · (d jn · d
∗
1n)
q−1 ∈ L. This com-
pletes the proof of (†2).
Finally, we show (†3). For any 2 6 k 6 d, we consider
Fq(W1⊕W
∗
k )
GL(n,Fq) = Fq(x11, . . . ,x1n,yk1, . . . ,ykn)
GL(n,Fq).
Therefore
c∗k0,c
∗
k1, . . . ,c
∗
k,n−1 ∈ Fq(c10,vk,1−n, . . . ,vk,−1,vk0,vk1, . . . ,vk,n−1)⊂ L(vk,1−n, . . . ,vk,−1).
Thus it suffices to show that
(3.11) vk,−1,vk,−2, . . . ,vk,1−n ∈ L.
In the invariant ring Fq[W1⊕W ∗k ]
GL(n,Fq), we have the following relations (T1), (T2), and (Tn−1)
described in [6]:
c10vk,−1− c11v
q
k0+ c12v
q
k1+ · · ·+(−1)
nc1,n−1v
q
k,n−2+(−1)
nv
q
k,n−1 = 0(T1)
c10vk,−2− c11v
q
k,−1+ c12v
q2
k0+ · · ·+(−1)
nc1,n−1v
q2
k,n−3+(−1)
nv
q2
k,n−2 = 0(T2)
· · · · · · · · · · · · · · · · · · · · · · · · · · ·
c10vk,1−n− c11v
q
k,2−n+ c12v
q2
k,3−n−·· ·+(−1)
n−1c1,n−1v
qn−1
k0 +(−1)
nv
qn−1
k1 = 0.(Tn−1)
As before, these relations (T1), (T2), and (Tn−1) (in this order), together with (†1), imply that
vk,−1,vk,−2, . . . ,vk,1−n ∈ L.
This completes the proof. 
A similar argument shows
THEOREM 3.4. The invariant field Fq(mW ⊕dW ∗)SL(n,Fq) is generated by {d1n,u1i : 1−n 6 i 6
n−1}∪{u ji : 2 6 j 6 m,1−n 6 i 6 0}∪{vki : 2 6 k 6 d,0 6 i 6 n−1}.
3.4. Generators for the invariant field Fq(mW ⊕dW ∗)U(n,Fq). We define
D := { f11, f12, f
∗
1s,u1i : 1 6 s 6 n−2,2−n 6 i 6 1}
E := { f j1,u ji : 2 6 j 6 m,2−n 6 i 6 0}
F := { f ∗k1,vki : 2 6 k 6 d,0 6 i 6 n−2}.
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THEOREM 3.5. (1) For n= 1, Fq(mW ⊕dW ∗)U(n,Fq) = Fq(mW ⊕dW ∗).
(2) For n= 2, Fq(mW ⊕dW ∗)U(n,Fq) is generated by
{ f11, f
∗
11, f
∗
12,u10}∪{ f j1,u j0 : 2 6 j 6 m}∪{ f
∗
k1,vk0 : 2 6 k 6 d}.
(3) For n > 3, Fq(mW ⊕dW ∗)U(n,Fq) is generated by D∪E ∪F.
Proof. The proof of (1) is immediate since U(n,Fq) is the trivial group.
For (2) let L denote the field generated by { f11, f ∗11, f
∗
12,u10}∪{ f j1,u j0 : 26 j 6m}∪{ f
∗
k1,vk0 :
2 6 k 6 d} over Fq. By Corollary 3.2 (3), Fq(mW ⊕dW ∗)U(n,Fq) is generated by { f j1, f j2,u j0 :
1 6 j 6 m}∪{ f ∗k1, f
∗
k2 : 1 6 k 6 d}∪{vk0 : 2 6 k 6 d}. It suffices to show that
f j2 ∈ L for 1 6 j 6 m(‡1)
f ∗k2 ∈ L for 2 6 k 6 d.(‡2)
For any 1 6 j 6 m, by the first equality in Proposition 2.5 (2), we see that Fq(Wj⊕W ∗1 )
U(2,Fq) =
Fq(x j1,x j2,y11,y12)
U(2,Fq) = Fq[ f j1, f
∗
11, f
∗
12,u j0]. Thus f j2 ∈ Fq(Wj ⊕W
∗
1 )
U(2,Fq) ⊆ L, which
proves (‡1). To show (‡2), for any 2 6 k 6 d, we consider
Fq(W1⊕W
∗
k )
U(2,Fq) = Fq(x11,x12,yk1,yk2)
U(2,Fq) = Fq[ f11, f
∗
k1, f12,vk0],
by the second equality in Proposition 2.5 (2). This together with (‡1) implies that f ∗k2 ∈ Fq(W1⊕
W ∗k )
U(2,Fq) ⊆ L for all 2≤ k ≤ d.
To prove (3) we first note that Corollary 3.2 (3) implies Fq(mW ⊕dW ∗)U is generated by
{ f j1, . . . , f jn,u j0 : 1 6 j 6 m}∪{ f ∗k1, . . . , f
∗
kn : 1 6 k 6 d}∪{vk0 : 2 6 k 6 d}. Let L be the subfield
generated by D∪E∪F over Fq. Note that L⊆ Fq(mW ⊕dW ∗)U and |D|+ |E|+ |F|= (m+d)n.
Thus it is sufficient to show:
f13, . . . , f1n, f
∗
1,n−1, f
∗
1n ∈ L,(†1)
f j2, f j3, . . . , f jn ∈ L, for 2 6 j 6 m,(†2)
f ∗k2, f
∗
k3, . . . , f
∗
kn ∈ L, for 2 6 k 6 d.(†3)
By the first equality of Proposition 2.5 (3), Fq(W1⊕W ∗1 )
U(n,Fq) = Fq(D). Thus
f13, . . . , f1n, f
∗
1,n−1, f
∗
1,n ∈ Fq(D)⊆ L
which proves (†1).
To show (†2), consider the invariant field Fq(Wj⊕W ∗1 )
U(n,Fq) for any 2 6 j 6 m. By the first
equality of Proposition 2.5 (3) again, we have seen that Fq(Wj⊕W ∗1 )
U(n,Fq) is generated by
{ f j1, f j2, f
∗
11, f
∗
12, . . . , f
∗
1,n−2,u j1,u j0,u j,−1, . . . ,u j,2−n}.
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Thus { f j2, . . . , f jn}⊆Fq(Wj⊕W ∗1 )
U(n,Fq)⊆L( f j2,u j1). Recall the relations ((R
+
1 ) j1) and ((R2) j1)
in Fq[Wj⊕W ∗1 ]
U(n,Fq):
f
q
j1 · f
∗
1n = u
q
j,2−n+α j,3−n ·u
q
j,3−n+ · · ·+α j0 ·u
q
j0+α j1 ·u j1,((R
+
1 ) j1)
where all α jk ∈ Fq[ f
∗
11, . . . , f
∗
1,n−1] are not zero.
f j2 · f
∗
1,n−1 = u j,2−n+α j,3−n ·u j,3−n+ · · ·+α j0 ·u j0((R2) j1)
+u
q
j,3−n+β j,4−n ·u
q
j,4−n+ · · ·+β j0 ·u
q
j,0+β j1 ·u j1,
where all α jk,β jk ∈ Fq[ f j1, f
∗
j1, . . . , f
∗
j,n−2] are not zero.
Since α j1 , 0 in ((R
+
1 ) j1), we have u j1 ∈ L. This fact, together with ((R2) j1), implies that f j2 ∈ L.
Therefore L( f j2,u j1) = L and { f j2, . . . , f jn} ⊆ L.
To show (†3), we consider Fq(W1⊕W ∗k )
U(n,Fq) for any 2 6 k 6 d. By the second equality of
Proposition 2.5 (3), it follows that Fq(W1⊕W ∗k )
U(n,Fq) is generated by
{ f ∗k1, f
∗
k2, f11, f12, . . . , f1,n−2,vk,−1,vk0,vk,1, . . . ,vk,n−2}.
Since f ∗k2, f
∗
k3, . . . , f
∗
kn ∈ Fq(W1⊕W
∗
k )
U(n,Fq), it suffices to show Fq(W1⊕W ∗k )
U(n,Fq)⊆ L. It follows
from (†1) that f13, . . . , f1,n−2 ∈ L. Since f ∗k1, f11, f12,vk0,vk,1, . . . ,vk,n−2 ∈ L, we need only to show
that
f ∗k2,vk,−1 ∈ L.
As in the above proof of (†2), we now use ∗((R
+
1 )k1) and ∗((R2)k1) to deduce that (vk,−1) and
f ∗k2 lie in L. This completes the proof. 
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